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Abstract. Given a family / : X — > S of canonically polarized 
manifolds, the unique Kahler-Einstein metrics on the fibers induce 
a hermitian metric on the relative canonical bundle K-x/s- We 
use a global elliptic equation to show that this metric is strictly 
positive on X, unless the family is infinitesimally trivial. 

For degenerating families we show that the curvature form on 
the total space can be extended as a (semi-) positive closed current. 
By fiber integration it follows that the generalized Weil-Peters- 
son form on the base possesses an extension as a positive current. 
We prove an extension theorem for hermitian line bundles, whose 
curvature forms have this property. This theorem can be applied 
to a determinant line bundle associated to the relative canonical 
bundle on the total space. As an application the quasi-projectivity 
of the moduli space .Mean of canonically polarized varieties follows. 

The direct images R n ~ v f*£l v x , S {K® %), m > 0, carry natural 
hermitian metrics. We prove an explicit formula for the curva- 
ture tensor of these direct images. We apply it to the morphisms 
S p Ts —> R p f*A p Tx/s that are induced by the Kodaira-Spencer 
map and obtain a differential geometric proof for hyperbolicity 
properties of A^can- 
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1. Introduction 

For any holomorphic family / : X — > S of canonically polarized, 
complex manifolds, the unique Kahler-Einstein metrics on the fibers 
define an intrinsic metric on the relative canonical bundle )Cx/s, whose 
curvature form has at least as many positive eigenvalues as the dimen- 
sion of the fibers indicates. The construction is functorial in the sense 
of compatibility with base changes. 

Main Theorem. Let X — >■ S be a holomorphic family of canonically 
polarized, compact, complex manifolds, which is nowhere infinitesimally 
trivial. Then the curvature of the hermitian metric on ICx/s that is 
induced by the Kahler-Einstein metrics on the fibers is strictly positive. 

Actually the first variation of the metric tensor in a family of com- 
pact Kahler-Einstein manifolds contains the information about the cor- 
responding deformation, more precisely, it contains the harmonic rep- 
resentatives of the Kodaira- Spencer classes. The positivity of the her- 
mitian metric will be measured in terms of a certain global function. 
Essential is an elliptic equation on the fibers, which relates this function 
to the pointwise norm of the harmonic Kodaira- Spencer forms. The 
strict positivity of the corresponding (fiberwise) operator (□ + id)" 1 , 
where □ is the complex Laplacian, can be seen in a direct way (cf. 
[SCH4]). For families of compact Riemann surfaces this operator had 
been considered in the context of automorphic forms by Wolpert [WOJ. 
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Later in higher dimensions a similar equation arose in the work of Siu 
[SIU2j for families of canonical polarized manifolds. 

Here we reduce estimates for the positivity of the curvature of K-x/s 
on X to estimates of the resolvent kernel of the above integral oper- 
ator, whose positivity was already shown by Yosida in |YOj . Finally 
estimates for the resolvent kernel follow from the estimates for the heat 
kernel, which were achieved by Cheeger and Yau in [C- Y] . 

The positivity of the relative canonical bundle and the methods in- 
volved are closely related to different questions. We will treat the 
construction of a positive line bundle on the moduli space of canoni- 
cally polarized manifolds proving its quasi-projectivity, and the ques- 
tion about its hyperbolicity. 

Theorem I. Let {Kx/Hi h) be the relative canonical bundle on the total 
space over the Hilbert scheme, equipped with the hermitian metric that 
is induced by the Kahler-Einstein metrics on the fibers. Then the cur- 
vature form ux extends to the total space X over the compact Hilbert 
scheme % as a positive, closed current with at most analytic singu- 
larities. 

The proof depends on Yau's C°-estimates [Y] that he used for the 
construction of Kahler-Einstein metrics. 

We consider a certain determinant line bundle of the relative canon- 
ical bundle, which is defined in a functorial way on the base of any 
family of canonically polarized varieties. In particular, it exists on the 
open part of the Hilbert scheme. It carries a Quillen metric, and its 
curvature form is the generalized Weil-Petersson form. The latter is 
equal to the fiber integral J x , n ci(1Cx/h, h) n+1 , where n is the fiber di- 
mension. These quantities descend to the moduli space of canonically 
polarized manifolds. Again we see that the curvature form extends 
as a closed, (semi-) positive current to a compactification of the mod- 
uli space, which is known to exist as a Moishezon space according to 
Artin's theorem. 

Based upon Siu's decomposition theorem for positive closed currents 
we prove the following theorem. 

Theorem II. Let Y be a normal space and Y' C Y the complement 
of a closed analytic, nowhere dense subset. Let V be a holomorphic 
line bundle on Y' together with a hermitian metric h! of semi-positive 
curvature, which may be singular. Assume that the curvature current 
can be extended to Y as a positive, closed current u. Then there ex- 
ists a holomorphic line bundle (L, h) with a singular hermitian met- 
ric of semi-positive curvature, whose restriction to Y' is isomorphic to 
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(I/, h'). The metric h can be chosen with at most analytic singularities, 
if oj has this property. 

This proves the extension of the determinant line bundle and the 
Quillen metric to a compactification of the normalization. Finally the 
complex structure at points of the compactifying divisor has to be 
changed. 

Theorem III. The generalized Weil-Petersson form on the moduli 
stack of canonically polarized varieties is strictly positive. A multi- 
ple is the Chern form of a determinant line bundle, equipped with a 
Quillen metric. This line bundle extends to a compactification of the 
moduli space, and the Quillen metric extends as a (semi-)positive singu- 
lar hermitian metric with at most analytic singularities ( in the orbifold 
sense). 

These facts imply a short proof for the quasi-projectivity of the mod- 
uli space of canonically polarized manifolds (cf. Section It was 
pointed out by Eckart Viehweg in |V2j that the extension of the Weil- 
Petersson current is not automatic. This issue is closely related to the 
extendability of the determinant line bundle, a question emphasized by 
Kollar [KQ2] - these probl ems are addressed in our manuscript. 

We note that our approach uses the functoriality of the construction 
of a determinant line bundle, equipped with a Quillen metric, which was 
generalized in [F-S] to smooth families over singular base spaces. Once 
this generalization is established, when dealing with singular fibers, we 
can use desingularizations of the base spaces, allowing for non-reduced 
fibers, and prove extension theorems for line bundles and curvature 
currents. 

Responding to a remark by Robert Berman we mention that the the- 
ory of non-pluripolar products of globally defined currents of Bouck- 
som, Eyssidieux, Guedj, and Zeriahi from [BEGZJ applies to the Weil- 
Petersson volume of a component Ai of the moduli space of canonically 
polarized manifolds: 

Corollary 1. Letu WP be the Weil-Petersson form on the (open) mod- 
uli space M., which is of class C°° in the orbifold sense. Then 




The second application concerns the direct image sheaves 

nn-p f qP (V"®m \ 
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These are equipped with a natural hermitian metric that is induced 
by the L 2 -inner product of harmonic tensors on the fibers of /. In 
the second part of this article we will give an explicit formula for the 
curvature tensor. Estimates will be related to the above discussion of 
the resolvent kernel. 

A main motivation of our approach is the study of the curvature 
of the classical Weil-Petersson metric, in particular the computation 
of the curvature tensor by Wolpert [WO ] and Tromba |TRj . It im- 
mediately implies the hyperbolicity of the classical Teichmuller space. 
For families of higher dimensional manifolds with metrics of constant 
Ricci curvature the generalized Weil-Petersson metric was explicitly 
computed by Siu in |SIU2j . In [SCH2] a formula in terms of elliptic 
operators and harmonic Kodair a- Spencer tensors was derived. How- 
ever, the curvature of the generalized Weil-Petersson metric seems not 
to satisfy any negativity condition. This difficulty was overcome in the 
work of Viehweg and Zuo in |V-Zlj . Their approach to hyperbolicity 
makes use of a period map. 

On the other hand our results are motivated by Berndtsson's re- 
sult on the Nakano-positivity for certain direct images. In |SCH4j we 
showed that the positivity of /»IC^ S together with the curvature of 
the generalized Weil-Petersson metric is sufficient to imply a hyperbol- 
icity result for moduli of canonically polarized complex manifolds in 
dimension two. 

For ample Kx, and a fixed number m > 1, e.g. m — 1, the co- 
homology groups H n ~ p (X, VL p x {K x m )) are critical with respect to the 
Kodair a- Nakano vanishing theorem. The understanding of this situa- 
tion is the other main motivation. We will consider the relative case. 
Let A®-(z, s)d a dz 13 be a harmonic Kodaira-Spencer form. Then for 
s £ S 1 the cup product together with the contraction defines a mapping 



We will apply the above products to harmonic (0, n — p)-forms. In 
general the results are not harmonic. We denote the pointwise L 2 
inner product by a dot. 

The computation of the curvature tensor yields the following result. 
For necessary assumptions cf. Section [TU1 



0,n—p—l 
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(1) +m (n + my^Ai UVH • (AjUip l )gdV 

JXs 

+m I (□ - m)" 1 (Ai U i/) ■ (A 7 U ip k )gdV. 



Theorem IV. The curvature tensor for R n p f*^ P x / s (^xJs) ^ s 9^ ven 
by _ (■ 

R~ k (s) = m \ (□ + I)" 1 (Ai ■ Aj) ■ ■ tf)gdV 

(□ + my i 

x s 

(□ - m)~' 

JXs 

The potentially negative third term is identically zero for p = n, 
i.e. for /*^C^/5 +1 ' ) - From our Main Theorem, with Theorem IIVI we 
immediately get a fact which also follows from the Main Theorem with 
[HI Theorem 1.20: 

Corollary 2. The locally free sheaf /*/C^^ +1 ^ is Nakano-positive. 

An estimate is given in Corollary |6j It contains the following in- 
equality. 

R(A,A,ip,ip) > P n {d{X s )) ■ \\Af ■ HVII 2 , 

where the coefficient P n (d(X s )) > is an explicit function depending 
on the dimension and the diameter d(X s ) of the fibers. 

For one dimensional fibers and m = 1, we are considering the L 2 - 
inner product on the sheaf f*lC% 2 / s of quadratic holomorphic differen- 
tials for the Teichmuller space of Riemann surfaces of genus larger than 
one, which is dual to the classical Weil-Petersson metric: According to 
Wolpert [WO] the sectional curvature is negative, and the holomorphic 
sectional curvature is bounded from above by a negative constant. A 
stronger curvature property, which is related to strong rigidity, was 
shown in |SCH1] . 

The strongest result on curvature by Liu, Sun, and Yau |L-S-Y] now 
follows from Corollary [5] (cf. also Section [TOl) . 

Corollary 3 ( [L-S- Y] ) . The Weil-Petersson metric on the Teichmuller 
space of Riemann surfaces of genus p > 1 is dual Nakano negative. 



By Serre duality Theorem IIVI yields the following version, which con- 
tains the curvature formula for the generalized Weil-Petersson metric 
for p = 1. Again a tangent vector of the base is identified with a 
harmonic Kodaira- Spencer form Ai, and Uf. stands for a section of the 
relevant sheaf: 



1 Very recently Berndtsson considered the curvature of f*{)C X / S <S> C) in |Blj . 



POSITIVITY OF RELATIVE CANONICAL BUNDLES 



7 



Theorem V. The curvature for BP f*A p Tx/s equals 



B^s) = - [ (□ + I)" 1 (A • Aj) ■ {y h ■ ui)gdV 




[ (D-iy^AtAu^-iAjAi^gdV. 



Jx s 



Now an upper semi-continuous Finsler metric of negative holomor- 
phic curvature on any relatively compact subspace of the moduli stack 
of canonically polarized varieties can be constructed so that any such 
space is hyperbolic with respect to the orbifold structure. 

We get immediately the following fact related to Shafarevich's hyper- 
bolicity conjecture for higher dimensions, which was solved by Miglior- 



ini [ M], Kovacs [KVHIKV21IKV31 . Bedulev-Viehweg [ETV] . and Viehweg- 
Zuo |\^ZlHV^Z2] . 



Application. Let X — > C be a non-isotrivial holomorphic family of 
canonically polarized manifolds over a compact curve. Then g{C) > 1. 

Similar results hold for families of polarized Ricci-flat manifolds. 



2.1. Definition of fiber integrals and basic properties. We de- 
note by {X S } S £S a holomorphic family of compact complex manifolds 
X s of dimension n > parameterized by a reduced complex space S. By 
definition, it is given by a proper holomorphic submersion / : X — > S, 
such that the X s are the fibers f^ 1 {s) for s 6 S. In case of a smooth 
space S, if r\ is a differential form of class C°° of degree 2n + r the fiber 
integral 



is a differential form of degree r on S. It can be defined as follows: Fix 
a point s G S and denote by X = X so the fiber. Let U C S be an 
open neighborhood of Sq such that there exists a C°° trivialization of 



Dissertation in progress. 



These will appear elsewhere!! 
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the family: 




* XxU 



Let z = (z 1 , . . . , z n ) and s = (s 1 , . . . , s k ) be local (holomorphic) coor- 
dinates on X and S resp. 

The pull-back $*r/ possesses a summand 77', which is of the form 
Y^Vk( z i s )dV z A da kl A ... A da kr , where the a K run through the real 
and complex parts of s\ and where dV z denotes the relative Euclidean 
volume element. Now 

/ V := [ $V= V ( f r] k (z,s)dV z )da kl A...Ada^. 
Jx/s Jxxs/s fc=(*i.->*r) V * s y 

The definition is independent of the choice of coordinates and differen- 
tiable trivializations. The fiber integral coincides with the push-forward 
of the corresponding current. Hence, if rj is a differentiable form of type 
(n + r, n + s), then the fiber integral is of type (r, s). 

Singular base spaces are treated as follows: Using deformation the- 
ory, we can assume that S C W is a closed subspace of some open set 
W C C , and that an almost complex structure is defined on X x S 
so that X is contained in the integrable locus. Then by definition, a 
differential form of class C°° on X will be given on the whole ambient 
space X x W (with a type decomposition defined on X). 

Fiber integration commutes with taking exterior derivatives: 



(3) d 7]= dri, 

Jx/s Jx/s 

and since it preserves the type (or to be seen explicitly in local holo- 
morphic coordinates) , the same equation holds true for d and d instead 
of d. 

A Kahler form ux on a singular space, by definition is a form that 
possesses locally a <9<9-potential, which is the restriction of a C°° func- 
tion on a smooth ambient space. It follows from the above facts that 
given a Kahler form ux on the total space, the fiber integral 

(4) f ^ 

Jx/s 

is a Kahler form on the base space S, which possesses locally a smooth 
<9<9-potential, even if the base space of the smooth family is singular. 

For the actual computation of exterior derivatives of fiber integrals 
([3|), in particular of functions, given by integrals of (n, n) -forms on 
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the fibers, the above definition seems to be less suitable. Instead the 
problem is reduced to derivatives of the form 

where only the vertical components of rj contribute to the integral. 
Here and later we will always use the summation convention. 

Lemma 1. Let 

be differentiable vector fields, whose projections to S equal Then 

where L w . denotes the Lie derivative. 

Concerning singular base spaces, it is obviously sufficient that the 
above equation is given on the first infinitesimal neighborhood of s in 
S. 

Proof of Lemma El Because of linearity, one may consider the real and 
imaginary parts of d/ds l and Wi resp. separately. 

Let d/dt stand for Re{d/ds % ), and let $ t : X — > X t be the one 
parameter family of diffeomorphisms generated by Re(wi). Then 

In general the vector fields Re(wi) and Im(wi) need not commute. □ 

Remark 1. Taking Lie derivatives of differential forms or tensors is in 
general not type-preserving. 

In our applications, the form rj will typically consist of inner products 
of differential forms with values in hermitian vector bundles, whose 
factors need to be treated separately. This will be achieved by Lie 
derivatives. In this context, we will have to use covariant derivatives 
with respect to the given hermitian vector bundle on the total space 
and to the Kahler metrics on the fibers, k 



(5) 
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2.2. Direct images and differential forms. Let (£, h) be a her- 
mitian, holomorphic vector bundle on X, whose direct image R q f*£ 
is locally free. Furthermore we assume that for all s G S the co- 
homology H q+1 (X s ,£ <g> Ox s ) vanishes. Then the statement of the 
Grothendieck-Grauert comparison theorem holds for R q f*£, in partic- 
ular R q f*£ ®e> s C(s) can be identified with H q (X s ,£ ®o x Ox a )- Since 
£ is 5-flat, by Grauert's theorem, for R q f*£ to be locally free, it is 
sufficient to assume that dimcH q (X s , £ ®o x ®x a ) is constant as long 
as the resp. base space is reduced. Reducedness will always be assumed 
unless stated differently 

For simplicity, we assume at this point that he base space S is 
smooth. Locally, after replacing S by a neighborhood of any given 
point, we can represent sections of the g-th direct image sheaf in terms 
of Dolbeault cohomology by enclosed (0, g)-forms with values in £. On 
the other hand, fiberwise, we have harmonic representatives of coho- 
mology classes with respect to the Kahler form and hermitian metric 
on the fibers. The following fact will be essential. Under the above 
assumptions we have: 

Lemma 2. Let ip G R q f*£(S) be a section. Let ip s G A°' q (X s , £ s ) be 
the harmonic representatives of the cohomology classes ip\X 8 . 

Then locally with respect to S there exists a d-closed form ip G 
A°' q (X, £), which represents ij), and whose restrictions to the fibers 
X s equal ip s . 

Proof. For the sake of completeness we give the simple argument. The 
harmonic representatives tp s define a relative form, which we denote by 
ipx/s- Let $ G A°' q (X,£) represent ip. Denote by <&x/s the induced 
relative form. Then there exists a relative (0, q — l)-form xx/s o n X, 
whose exterior derivative in fiber direction dx/s{Xx/s) satisfies 

^x/s = ®x/s + dx/sixx/s)- 
Let {Ui} be a covering of X, which possesses a partition of unity {p^} 
such that all Xx/s\Ui can be extended to (0, q — l)-forms %i on U%- Then 
with x — Yl PiXi we set ip = $ + dx- □ 

The relative Serre duality can be treated in terms of such differential 
forms. Let £ y = Homx(£,Ox)- Then (under the above assumptions) 

R?U£ ® 0s R n ~ p f*(£ v ®o x K x/S ) O s 

is given by the fiber integral of the wedge product of enclosed differential 
forms in the sense of Lemma [2j By ([3]) (for the operator d) , the result 
is a <9-closed 0-form i.e. a holomorphic function. 
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3. Estimates for resolvent and heat kernel 

Let (X,ux) be a compact Kahler manifold. The Laplace operator 
for differentiable functions is given by □ = dd +d d, where the adjoint 

— * 

o is the formal adjoint operator. The Laplacian is self-adjoint with 
non-negative eigenvalues. 

Proposition 1. Let (X,ux) be a Kahler-Einstein manifold of constant 
Ricci curvature —1 with volume element g dV . Then there exists a 
strictly positive function P n (d(X)), depending on the dimension n of 
X and the diameter d(X) with the following property: 

If X is a non-negative continuous function and (ft a solution of 

(6) (1 + □)</> = X , 

then r 

(7) cj>{z) >P n (d(X))- / X gdv 

Jx 

for all z G X . 

The minimum principle immediately shows that > 0. In [SCH4J we 
gave an elementary proof that x > 0) implies that <fi is strictly positive 
everywhere or identically zero for real analytic functions Xi which was 
sufficient for our application. Bo Berndtsson pointed out to the author 
the existence of a refined minimum principle yielding the same fact 
without the assumption of analyticity. 

The explicit estimates claimed in the above Proposition are based 
on the theory of resolvent kernels. 

We summarize some known facts. Let {ip u } be an orthonormal basis 
of the space of square integrable real valued functions consisting of 
eigenfunctions of the Laplacian with eigenvalues X u . Then the resolvent 
kernel for the above equation is given by 

P(z,w) = Y] - } . ip v (z)ipv(w), 
and the solution of equals 

cj>{z) :=(n + id)-\x){z)= I P(z,w) X (w)g(w)dV w . 

Jx 

So the integral kernel P(z,w) must be non-negative for all z and w. 

In a similar way we denote by P(t,z,w) the integral kernel for the 
heat operator 

d ^ 
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so that the solution of the heat equation 

with initial function x( z ) f° r £ = is given by 

P(t, z,w)x{w)g(w)dV w . 

x 

Here P(t,z,w) = ^2i V e~ tx " ^{z^^w) . Now, since the eigenvalues of 
the Laplacian are non- negative, the equation J °° e~^ x+1 'dt = 1/(1 + A) 
implies the following Lemma, (cf. also \C-Y\ (3.13)]). 

Lemma 3. Let P(z, w) be the integral kernel of the resolvent operator 
and denote by P(t, z, w) the heat kernel. Then 



poo 

P(z,w) = / e~ t P(t,z,w)dt. 
Jo 



We now apply the lower estimates for the heat kernel by Cheeger and 
Yau [C-Y] to the resolvent kernel. Assuming constant negative Ricci 
curvature —1, we use the estimates in the form of |ST[ (4.3) Corollary]. 

1 r 2 (z,w) In — 1 + 

(9) P(t, z, w) > Q n (t, r(z, w)) := j—^e * e~— \ 

Where r = r(z,w) denotes the geodesic distance (and n = dimX). 
Let 



(10) P n (r) = / e- t Q n (t,r)dt>0 



oo 

-t/ 







Using Lemma El equation ([9]) , and the monotonicity of P n we get 

(11) P(z,w) > P n (r(z,w)) > P n (d(X)), 

where d(X) denotes the diameter of X. This shows Proposition [U □ 
We mention that lim^oo P n {r) = 0. 

Conversely, if we require that for all functions x the solutions <fi of 
(Q satisfy an estimate of the form 



(z)>p - [ xgdv, 

Jx 



then P < inf P(z, w) follows immediately. 

We mention that symbolic integration of ^ with l|10ll yields the explicit estimate 

1 (2n + 3) Z T J " 1 , , , 

P„ r > - — — t, -BesselK (n - 1, V2n + 3r) . 

_ (2n) n 2 n ~ 2 r™" 1 v ' 
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4. POSITIVITY OF K X / S 

Let X be a canonically polarized manifold of dimension n, equipped 
with a Kahler-Einstein metric uj. In terms of local holomorphic coor- 
dinates (z l , . . . , z n ) we write 

u x = yf^lg^z) dz a A dzP 
so that the Kahler-Einstein equation reads 

(12) u x = -Ric(wx), i-e. u x = V-Ldd\og g(z), 

where g := det g a -s. We consider g as a hermitian metric on the anti- 
canonical bundle K x l . 

For any holomorphic family of compact, canonically polarized man- 
ifolds / : X — y S of dimension n with fibers X s for s G S the Kah- 
ler-Einstein forms ux s depend differentiably on the parameter s. The 
resulting relative Kahler form will be denoted by 

uj x /s = V-Lg ai p(z, s) dz a A dz 13 . 

The corresponding hermitian metric on the relative anti-canonical bun- 
dle is given by g = det g a p(z, s). We consider the real (1, l)-form 

wx = V^lddlogg^z, s) 

on the total space X . We will discuss the question, whether ux is a 
Kahler form on the total space. 

The Kahler-Einstein equation (fT2"j) implies that 

ux\X s = ujXs 

for all s G S. In particular uj x , restricted to any fiber, is positive 
definite. Our result is the following statement (cf. Main Theorem). 

Theorem 1. Let X — >■ S be a holomorphic family of canonically po- 
larized, compact, complex manifolds. Then the curvature form u x of 
the hermitian metric on )C x /s induced by the Kahler-Einstein metrics 
on the fibers is semi-positive and strictly positive on all fibers. It is 
strictly positive in horizontal directions, for which the family is not 
infinitesimally trivial. 

More precisely, in terms of the generalized Weil-Petersson form u WP : 

(13) uj n x +1 > P n (d(X s )) ■ f*u WP A u n x , 

where the right-hand side only depends on the relative volume form 
u x/s- 
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(The form u WP will be given in Definition [2j We denote by u x etc. 
the n-fold exterior power divided by n\, cf. also the remark on notation 
in Section [111) 

Both the statement of the theorem and the methods are valid for 
smooth, proper families over singular (even non-reduced) complex 
spaces (for the necessary theory cf. |F-Sl §12]). 

It is sufficient to prove the theorem for base spaces of dimension 
one assuming S C C. (In order to treat singular base spaces, the 
claim can be reduced to the case where the base is a double point 
(0, C[s]/(s 2 )). The arguments below will still be meaningful and can 
be applied literally.) 

We denote the Kodaira- Spencer map for the family / : X — > S at a 
given point so G S by 

p S0 :T S0 S^H\X,Tx) 

where X = X so . The family is called effectively parameterized at s , 
if p so is injective. The Kodaira- Spencer map is induced by the edge 
homomorphism for the short exact sequence 

-»- T x/S ^T x ^ f*T s 0. 

If v 6 T So S is a tangent vector, say v = Jj| So , and if + b a -£^ is any 
lift of class C°° to X along X, then 

\ds y 'dz a J dz? dz a 

is a enclosed form on X, which represents p SQ (d/ds). 

We will use the semi-colon notation as well as raising and lowering 
of indices for covariant derivatives with respect to the Kahler- Einstein 
metrics on the fibers. The s-direction will be indicated by the index s. 
In this sense the coefficients of ujx will be denoted by g S g, g a s, 9 a ]3 etc- 

Next, we define canonical lifts of tangent vectors of S as different iable 
vector fields on X along the fibers of / in the sense of Siu [SIU2] . By 
definition these satisfy the property that the induced representatives 
of the Kodaira- Spencer class are harmonic. 

Since the form ujx is positive, when restricted to fibers, horizontal 
lifts of tangent vectors with respect to the pointwise sesquilinear form 
(—,—)ui x are well-defined (cf. also [SCH2J). 

Lemma 4. The horizontal lift ofd/ds equals 

v = d s + a a s d a , 

where 

< = w 
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Proposition 2. The horizontal lift of a tangent vector of the base 
induces the harmonic representative of its Kodaira- Spencer class. 

Proof. The Kodaira- Spencer form of the tangent vector dj d s is dv\X s = 
a a - 5 d a dz 13 . We consider the tensor 

on X. Then d* (A\d a dz^) is given by 

= -g~ 5a ({d\ogg/ds)r s + g s7 Kf) = 

because of the Kahler-Einstein property. □ 

It follows immediately from the proposition that the harmonic Ko- 
daira-Spencer forms induce symmetric tensors. This fact reflects the 
close relationship between the Kodaira-Spencer tensors and the Kah- 
ler-Einstein metrics: 

Corollary 4. Let A sTs = g a pA%. Then 

(14) A sTs = Aw 

Next, we introduce a global function ip(z,s), which is by definition 
the pointwise inner product of the canonical lift v of d/ds at s G S 
with itself taken with respect to ojx- 

Definition 1. 

(15) <p(z, s) := (d 8 + a*d a , d s + a p s d fi ) Wx 

Since ux is not known to be positive definite in all directions, ip is 
not known to be non- negative at this point. 

Lemma 5. 

(16) <p = g S s- 9asg s ^ a 

Proof. The proof follows from Lemma H] and 



f = 9ss + 9 s ja§ + a a s g a - s + a>& Q ^- 



□ 



Denote by co x +1 the ( n + l)-fold exterior product, divided by (n+ 1)! 
and by dV the Euclidean volume element in fiber direction. Then the 
global real function ip satisfies the following property: 
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det 



Lemma 6. 

cu™ +1 = ip ■ gdVV^Tds A ds. 
Proof. Compute the following (n + 1) x {n + 1) -determinant 

9as 9 a ]3 

where a, f3 — 1, . . . , n. □ 

So far we are looking at local computations, which essentially only 
involve derivatives of certain tensors. The only global ingredient is the 
fact that we are given global solutions of the Kahler-Einstein equation. 

The essential quantity is the differentiable function ip on X . Re- 
stricted to any fiber it associates the yet to be proven positivity of the 
hermitian metric on the relative canonical bundle with the canonical lift 
of tangent vectors, which is related to the harmonic Kodaira-Spencer 
forms. 

We use the Laplacian operators D ff)S with non-negative eigenvalues 
on the fibers X s so that for a real valued function \ the Laplacian 
equals U Q ^x = -9^ a X ]a p- 

Proposition 3. The following elliptic equation holds fiberwise: 

(17) (n g , s + idMz,s) = \\A s (z,s)\\ 2 , 

where 

d 

Proof. In order to prove such an elliptic equation for (p on the fibers, 
we need to eliminate the second order derivatives with respect to the 
base parameter. This is achieved by the left hand side of ( TT71) . First, 

9 h 9s- sn -5 = g^dsdsg^s 

= d s c\hgg + aj' s a^ 

Next 

("X)/ = (aZyyia** + Aa s -s A ^ + a sn a s«rs + <Af. 7; a) 9 h - 
The last term vanishes because of the harmonicity of A 8 , and 

= a:. 
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□ 

Proof of Theorem d It is sufficient to show that the function (p from 
Definition CD is strictly positive, since oox\X s = is known to be 
positive definite. The positivity of <p follows from f fT7|) in Proposition [3] 
together with Proposition [TJ □ 

Definition 2. The Weil-Peters son hermitian product on T S S is given 
by the L 2 -inner product of harmonic Kodaira-Spencer forms: 



d 


2 -/ 


ds 





^4 7 <u/W=/ A^A^gdV 

J x s 



If the tangent vectors d/ds 1 e T S S are part of a basis, we denote by 
GW p (s) the inner product (d/di\ s ,d/dj\ s )wp, and set 

ujW? : = J^lG^ p ds l Adsl 



Observe that the generalized Weil-Petersson form is equal to a fiber 
integral (cf. [F-Sl Theorem 7.8]). The above approach yields a simple 
proof of this fact, which also implies the Kahler property of ui WP : 

Proposition 4. 

(19) oo WP = [ c4 +1 . 

Jx/s 

The proof follows from Lemma [6] and Proposition [3j 

5. Fiber integrals and Quillen metrics 

In this section we summarize the methods how to produce a positive 
line bundle on the base of a holomorphic family from \F-S\ §10]. Let 
/ : X — > S be a proper, smooth holomorphic map of reduced complex 
spaces and ojx/s a closed real (1, l)-form on X, whose restrictions to 
the fibers are Kahler forms. Let (£, h) be a hermitian vector bundle on 
X . We denote the determinant line bundle of £ in the derived category 
by 

X(£) = det /,(£). 

The main result of Bismut, Gillet and Soule from |BGSj states the 
existence of a Quillen metric h9 on the determinant line bundle such 
that the following equality holds for its Chern form on the base S and 
the component in degree two of a fiber integral: 

(20) Cl (X(£),h Q ) = [ td{X/S,u x/s )ch{£,h) 

Jx/s 

Here ch and td stand for the Chern and Todd character forms. 
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The formula is applied to a virtual bundle of degree zero (cf. |F-Sl 
Remark 10.1] for the notion of virtual bundles). It follows immediately 
from the definition that the determinant line bundle of a virtual vector 
bundle is well-defined ( line bundle). 

Let (£, h) be a hermitian line bundle, and set £ = (£ — £ _1 ) n+1 . The 
difference is taken in the Grothendieck group, and the product is the 
tensor product. Since the term of degree zero in the Chern character 
ch(£ — £ _1 ) is equal to the (virtual) rank, which is zero, and the first 
term is 2ci(£), we conclude that ch(£) is equal to 

(21) 2 n+1 Cl (£) n+1 

plus higher degree terms. Furthermore, the hermitian structure on C 
provides £ with a natural Chern character form. 

Hence the only contribution of the Todd character form in (!20j) is 
the constant 1 resulting in the following equality 

(22) Cl (X(£),h Q ) = 2 n+1 [ Cl (C,h) n+1 . 

J XjS 

Following |F-S] Theorem 11.10] we apply this construction to families 
of canonically polarized varieties. Let / : X — > S be any (smooth) 
family of canonically polarized manifolds over a reduced complex space. 
The generalized Weil-Petersson form on S was proven to be equal 
to a certain fiber integral. We will use the notion ~ for equality up to 
a numerical factor. 

We set C = JCy/n in (120]) . Equation ([22]) yields 



(23) Cl (A(£),/i Q ) 



n+1 

UJ 

X/S 



^X , 



where ux = C\{K,x/Si h), with h induced by the Kahler-Einstein volume 
forms on the fibers. 

On the other hand Lemma M together with Proposition [3] implied 
that the fiber integral (T2"3l is equal to the generalized Weil-Petersson 



form: 

u WP ( 



s)= f A^g^ gdV Velds' A ds\ 



where the forms A^d a dz^ are the harmonic representatives of the Ko- 
daira-Spencer classes p s (d/dsi\ s ), i.e. 

(24) ^ p ^[ Cl (JC x/s ,hr +1 . 

J x/s 
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Now 

(25) Cl (det /,((£*,* - JC x ) s r +1 ), h?) ~ uf P E 

We consider the situation of Hilbert schemes of canonically polarized 
varieties. 

After fixing the Hilbert polynomial and a multiple m of the canon- 
ical bundles in the family that yields very ampleness, we consider the 
universal embedded family over the Hilbert scheme 

X 1 ¥ N xU 

pr 

H. 

In this sense we modify the determinant line bundle and consider 

A = det/ ! ((/C|7 w -(/C- 1 /w f m ) n+1 ), 

which only yields an extra factor m n+1 in front of the Weil-Petersson 
form u WP on %. 

We point out, how singularities of base spaces (and smooth maps) 
were treated in [F-Sl Theorem 10.1 and §12]: Given a (local) defor- 
mation of a canonically polarized variety, equipped with a Kahler-Ein- 
stein metric over a reduced singular base, the latter is embedded into a 
smooth ambient space. The deformation is computed in terms of cer- 
tain elliptic operators, which are meaningful for all neighboring points. 
The integrability condition for the respective almost complex struc- 
tures, i.e. the vanishing of the Nijenhuis torsion tensor, determines the 
singular base space. Now the implicit function theorem yields Kah- 
ler-Einstein metrics on neighboring fibers - the solutions also exist 
(without being too significant) for points of the base, where the almost 
complex structure is not integrable. This procedure yields a potential 
for the relative Kahler-Einstein forms that comes from a differentiable 
function on the smooth ambient space. By fiber integration the Weil- 
Petersson form is being computed; again, it possesses a <9<9-potential, 
which is the restriction of a C7°°-function on the smooth ambient space. 

6. AN EXTENSION THEOREM FOR HERMITIAN LINE BUNDLES 
AND POSITIVE CURRENTS 

Let C be a holomorphic line bundle on a reduced, complex space Z. 
Then a semi-positive, singular hermitian metric h on L is defined by the 
property that the locally defined function — log h is plurisubharmonic 

3 Also the element QCx/s ~ Ox) n+1 of the relative Grothendieck group can be 
taken instead. 
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(and locally integrable), when pulled back to the normalization of the 
space. By definition, a positive current takes non-negative values on 
semi-positive differential forms. 

Definition 3. Let x be a plurisubharmonic function on an open subset 
ofC n . We say that \ has at most analytic singularities, if locally 

k 

X > 7log^ l/^l 2 + const. 

holds, for holomorphic functions f v and some 7 > 0. In this situation, 
we say that a (locally defined) positive, singular hermitian metric of the 
form 

h = e~ x 

has at most analytic singularities. This property will be also assigned 
to a locally dd- exact, positive current of the form 

For any positive closed (1, l)-current T on a complex manifold Y the 
Lelong number at a point x is denoted by z/(T, x), and for any c > 
we have the associated sets E C (T) = {x; z/(T, x) > c}. According to 
|SIU3t Main Theorem] these are closed analytic sets. 

We will use in an essential way Siu's decomposition formula for pos- 
itive, closed currents on complex manifolds. We state it for (1, 1)- 
currents. 

Theorem QSIU3J). Let u be a closed positive (1,1) -current. Then u 
can be written as a series of closed positive currents 

00 

(26) u = J2^[Z k }+R, 

k=0 

where the [Zk] are currents of integration over irreducible analytic sets 
of codimension one, and R is a closed positive current with the property 
that dim E C (R) < dimY — 1 for every c > 0. This decomposition 
is locally and globally unique: the sets are precisely components 
of codimension one occurring in the sublevel sets E c (u), and fik = 
min^g^ v(oj\ x) is the generic Lelong number of u along Z^. 

We want to prove an extension theorem for hermitian line bundles, 
whose curvature forms u> extend as positive currents. The idea is to 
treat the non-integer part 

00 

J^<X - lvk\)[z k }- 

k=0 
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of the decompositions in ( 1261) . 

Theorem 2. Let Y be a normal complex space and Y' — Y \ A the 

complement of a nowhere dense, closed, analytic subset. Let V be a 
holomorphic line bundle together with a hermitian metric h! of semi- 
positive curvature, which also may be singular. Assume that the cur- 
vature current oj' of (L f , h') possesses an extension u to Y as a closed, 
positive current. Then there exists a holomorphic line bundle (L, h) 
with a singular, positive hermitian metric, whose restriction to Y' is 
isomorphic to (L',h'). If uj has at most analytic singularities, then h 
can be chosen with this property. 

We first note the following special case: 

Proposition 5. The theorem holds, if Y is a complex manifold and A 
is a simple normal crossings divisor. 

Proof. We will argue in an elementary way. We first assume that A C Y 
is a smooth, connected hypersurface. Let {Uj} be an open covering of 
Y such that the set A (1 U consists of the zeroes of a holomorphic 
function Zj on U. Since all holomorphic line bundles on the product of 
a polydisk and a punctured disk are trivial, we can chose the sets {U} 
such that the line bundle U extends to such Uj as a holomorphic line 
bundle. So L' possesses nowhere vanishing sections over Uj = Uj\A. 
Hence L' is given by a co cycle g\j G Op(U-j), where Uj — Z7» fl Uj and 
U[j = Uj fl Y'. If necessary, we will replace {U} by a finer covering. 

We will first show the existence of plurisubharmonic functions ipi on 
Ui and holomorphic functions ip[ on U[ such that 



is pluriharmonic on U[. For a suitable number fa G M and some holo- 
morphic function on U[ we have 




u\Ui= \f-ldd{^) 
for some plurisubharmonic functions ip® on Ui. Now 



(27) log(e^ h'i) + fa log \ Zi \= f[ + //. 



We write 



fa = 7j + 2ki 
for < 7i < 2 and some integer hi. We set 

(28) ^ = € + 7ilogk 
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These functions are clearly plurisubharmonic, and 7$ log \zi\ contributes 
as an analytic singularity to ip®. Set 

^.:¥eO*(f/;). 

We use the functions (p' { to change the bundle coordinates of V with 
respect to U[. In these bundle coordinates the hermitian metric h! on 
V is given by 

K = K-WT 2 

and the transformed transition functions are 

9ij = <Pi-9ij -{v'jY 1 - 

Now 

(29) fy = \z i \- r ' i e^\U' i = e* l *\U' i , 

and 

(so) l?I/ = W~ 1 = N'" 

Since the function Zi/zj is holomorphic and nowhere vanishing on Uij, 
and since the function if>9 — is pluriharmonic on U^, the function 

is of class C°° on L^- with no zeroes. Now —2 < 7, — 7,- < 2, and gfjy is 
holomorphic on U-j. So we have 

(31) 7i = 7j =: 7a 
(whenever A D C/jj 7^ 0). Accordingly (1311 reads 

(32) |^=^)-i = 

and the transition functions ■ can be extended holomorphically to all 
of Z7y. So a line bundle L exists. 

The functions ipi are plurisubharmonic, and the quantity 

CO = \/^lddlpi = CO + 7T 7^4 [A] 

is a well-defined positive current on K because of (|28|) and (!3T|) . Its 
restriction to K' equals w|y'. 
We define 

hi = = e-^\ Zi \-^ 

on Ui. It defines a positive, singular, hermitian metric on L. This 
shows the theorem in the special case. 



6 J . 
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Observe that the numbers (3j = 7j + 2kj only depend on the smooth 
hypersurface A. We will denote these by /3a etc. 

For the general case of the proposition, we assume for simplicity 
first that the divisor A consists of two components A\ and A 2 , which 
intersect transversally. Let = Y\Aj for j = 1,2. We know from 
the first part that there exist two line bundle extensions (F 1 ,^ 1 ) and 
(Y 2 , h 2 ) resp. of (L', h') to Y 1 and Y 2 resp. 

Claim. The hermitian line bundles (L j ,h j ) define the extension of 
(L', h') as a holomorphic line bundle on Y with a singular hermitian 
metric with positive curvature equal to 

where < 7^ < 2 are given by the first part of the proof. 

We prove the Claim. Let p G Aid A 2 . For simplicity we may assume 
that dimF = 2. Let U(p) = A x A = {(z 1 ,z 2 )} be a neighborhood 
of p, where A C C denotes the unit disk. Assume that Aj = V(zj), 
j = 1,2. Now the metric h l is defined on A* x A and h 2 is defined 
on A x A*, where A* = A\{0}. Since any holomorphic line bundle 
on A* x A is trivial, we may use the spaces A* x A and A x A* as 
coordinate neighborhoods for the definition of the line bundles L 1 and 
L 2 resp. Since holomorphic line bundles on A x A* and A* x A extend 
to A x A, we find a nowhere vanishing function k G (9^ 2 (A* x A*) such 
that 

(33) hi = \K,\ 2 h 2 . 

With the above methods it is easy to show that any such function 
satisfies 

(34) K (z 1 ,z 2 ) = z? 1 z? a ex 

for a holomorphic function x £ C*c 2 (A* x A*) and rnj G Z. (In order 
to see this, write log \n\ 2 = U\ log \z x \ + a 2 log \z 2 \ +0 + 0, with G 
C C2 (A* x A*). Then \Ke~^ z{ qi z~ Q2 \ 2 = \ Zl \ T1 \z 2 \ T2 with Oj = r j + 2q j , 
< Tj < 2, qj G Z. Now k z^ qi z 2 g2 possesses a holomorphic 
extension to A x A, and t\ — r 2 — 0.) 

We use the arguments and result of the first part, and again the fact 
that the homotopy group 7ii(A n \V(zi- . . .-Zk)) for any k < n is abelian. 
We find 

(35) -log/i 1 = V° + /3ilogN+7A 2 log|22|+/i+7i 

(36) -log/i 2 = ^° + 7A 1 logk 1 | + /3 2 log|z 2 | + / 2 + 7 2 , 
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where (3j e R, and fj e C C 2(A* x A*). The numbers < < 2 are 
already determined. Let 



possesses a holomorphic extension to A x A. Now, like in the first part, 
the functions z^~ mi and z^ 171 " 1 , together with the function e^ 2_ ^ 1_x can 
be used as coordinate transformations for the line bundles L\ and L2 
on A* x A and A x A* resp. This shows the claim. 

The case of a general, simple normal crossings divisor follows in an 
analogous way. □ 

The proof of Proposition implies the following fact (introduce extra 
auxiliary local smooth divisors). 

Proposition 6. Let n = dimY . Then the statement of the above 
proposition still holds, when A C Y is an analytic set with smooth 
irreducible components and transverse intersections such that no more 
than n components meet at any point. The curvature current of the 
extended singular hermitian metric differs from the given current only 
by an added sum 



If the given line bundle already possesses an extension into a component 
of A, together with an extension of the singular hermitian metric such 
that oj is the curvature current, then the above construction reproduces 
these without any additional currents of integration. 

Proof of the Theorem. We first mention that because of Proposition [5] 
and Proposition [H] we may assume that A C Y is of codimension at 
least two: Namely we extend both the line bundle and the singular 
hermitian metric into the locus Y", where A is of codimension one 
and Y is smooth. The original current u is being changed in this way 
by adding currents of integration of the form ( 157)) . where the Aj are 
components of A of codimension one. These currents can obviously be 
extended from Y" to Y. 

The remaining case should also be seen relating to the extension 
theorem of Shiffman |SHI] for positive line bundles on normal spaces. 




(37) 
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We first take a desingularization r : Y — > Y and consider A = 
t -1 (A). Next we choose a modification \x : Z — > Y that defines an 
embedded resolution of singularities of A C Y. In particular = 
B U E is a transversal union, where the proper transform 5 of A is the 
desingularization and the normal crossings divisor E is the exceptional 
locus of jji,. (The divisorial component of B together with E is a simple 
normal crossings divisor). 

We pull back the line bundle V to Z\fi~ 1 (A) together with the given 
data. We apply Proposition [5] and Proposition |6l and obtain an ex- 
tension C of the line bundle and of the singular hermitian metric 
of positive curvature. At those places, where an extended line bundle 
with a singular hermitian metric already exists, the construction yields 
the pull-back. The determinant line bundle det((r o defines an 

extension of V . Observe that the original line bundle over Y' is re- 
produced together with the singular hermitian metric. Because of the 
normality of Y an extension into an analytic set of codimension two or 
more is unique, if it exists, and the singular metric of positive curvature 
can be extended. □ 

If Y is just a reduced complex space, we still have the following 
statement. 

Proposition 7. Let Y be a reduced complex space, and A C Y a closed 
analytic subset. Let £ be an invertible sheaf on Y\A, which possesses a 
holomorphic extension to the normalization of Y as an invertible sheaf. 
Then there exists a reduced complex space Z together with a finite map 
Z — > Y which is an isomorphism over Y\A such that L possesses an 
extension as an invertible sheaf to Z. 

Proof. Denote by v : Y — > Y the normalization of Y. The presheaf 

U^{ae (is*0 9 )(U); a\U\A e O y (U\A)} 
defines a coherent Cy-module, the so-called gap sheaf 

on Y (cf. |SIUlt Proposition 2]). It carries the structure of an Oy- 
algebra. According to Houzel [HOU, Prop. 5 and Prop. 2] it follows 
that it is an Oy-algebra of finite presentation, and hence its analytic 
spectrum provides a complex space Z over Y (cf. also Forster |FOt Satz 

!])■ ' ' □ 

Finally, we have to deal with the question of a global extension of 
positive currents. Siu's Thullen-Remmert- Stein type theorem |SIU3t 
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Theorem 1] gives an answer for currents on open sets in a complex num- 
ber space C N . An extension for (1, l)-currents exists and is uniquely 
determined by one local extension into each irreducible hypersurface 
component of the critical set. In a global situation we need an extra 
argument, namely the fact that (under some assumption), one can sin- 
gle out an extension, which is unique and does not depend upon the 
choice of some local extension. 

Proposition 8. Let A be a closed analytic subset of a normal complex 
space Y , and let Y' = Y\A. 

Letu' be a closed, positive current on Y' , with vanishing Lelong num- 
bers. Assume that for any point of A there exists an open neighborhood 
U C Y such that lo'\U DY' can be extended to U as a closed positive 
current. Then u' can be extended to all of Y as a positive current. 

If the local extensions of u' have at most analytic singularities, then 
also the constructed global extension has at most analytic singularities. 

Proof. We first assume that Y is smooth and that A is a simple normal 
crossings divisor. Let uijj be a (positive) extension of u'\U D Y' . 
We apply flU}: 

oo 

uu = y^fcfZfc] + r. 

k=0 

Since the Lelong numbers of u' vanish everywhere, the sets Zj, must 
be contained in A so that the positive residual current R is the null 
extension of u/\U H Y' . We now take the currents of the form R as 
local extensions. If W C Y is open, then the difference of any two such 
extensions is a current of order zero, which is supported on A n W. 
By [DEll Corollary III (2.14)] it has to be a current of integration 
supported on A D W, so it must be equal to zero. 

In the case, where Y is not necessarily smooth but normal, we con- 
sider a desingularization of the pair (Y, A) like in the proof of Theorem [2] 
and use the local notation. By [SIU3, Theorem 1] we have unique local 
extensions of the pull-back of u/ into the locus of codimension greater 
or equal to two. The Lelong numbers are still equal to zero, and the 
previous argument applies so that the pull-back of u' extends to Z as 
a positive current to. The push-forward of u solves the problem. Since 
u differs from the given local extensions (pulled back to Z) only by 
(locally defined) currents of integration with support in fi~ 1 r~ 1 {A) the 
push-forward of u again has at most analytic singularities, if the local 
extensions of u>' have this property. □ 
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7. Degenerating families of canonically polarized 

varieties 

In this section we want to show that in a degenerating family the 
curvature of the relative canonical bundle can be extended as a positive 
closed current. 

Given a canonically polarized manifold X of dimension n together 
with an m-canonical embedding $ = $ m x x : X > P^r, the Fubini- 
Study metric h FS on the hyperplane section bundle Op N (l) defines a 
volume form 

N 

(38) ni = ($>i(2or) 1/ni 

i=0 

on the manifold X, such that 



1 



CO 



° x := -Ric(fi^) = — co FS \X. 



m 

where u FS denotes the Fubini-Study form on Pat- According to Yau's 
theorem, uj x can be deformed into a Kahler-Einstein metric ux = 
u x + \J— Iddu. It solves the equation ( JT2l) . which is equivalent to 

(39) u n x = (co x + V^lddu) 71 = e u n° x . 

We will need the C°-estimates for the (uniquely determined) C°°- 
function u. 

The deviation of u x from being Kahler-Einstein is given by the func- 
tion 

< 40 > F ^ log (i 

so that fl39|) is equivalent to 

(41) uj x = {u° x + ^lddu) n = e u+F {u Q } ^ 



J x) ■ 

We will use the C°-estimate for u from |CH-Yl Proposition 4.1] (cf. 

[AU1E2]). 

C°-estimate. Let D denote the complex Laplacian on functions with 
respect to u x (with non-negative eigenvalues). Then 

(42) u + F<-n°(u). 

In particular the function u is bounded from above by sup(— F). 

Now we come to the relative situation. Let S C C q = {(s 1 , . . . , s q )} 
be a polydisk around the origin, and let S = S'\V A (s 1 • . . . • s r ) for some 
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r < q. Let 

(43) X ¥ N x S 




P1'2 



5 



be a proper, flat family, which is smooth over S, and $ an embedding. 
We set C = ®*0 ¥nX s(1). 

We assume that C\X ~ Again for s 6 5 we equip the fibers 

X s with Kahler-Einstein forms, and we study the induced relative Kah- 
ler-Einstein volume form. It defines a hermitian metric on the relative 
canonical bundle fC x /s, whose curvature form was denoted by u x (cf. 
Theorem [TJ . 

The following Proposition plays a key role. 

Proposition 9. Under the above assumptions, the form u x extends to 
X as a closed, real, positive (1,1) -current. 

Proof. Like in the absolute case, the Fubini-Study hermitian metric 
hps on L defines a relative volume form 

^X/S = ^FS \X ■ 

In a similar way oj x , s is defined: 

u x/s '■= -Ri c x/s{tt X / S ). 
We have, restricted to any fiber of s G S, 

1 

m 

We denote by u and F the functions with parameter s, which were 
defined for the absolute case in fl39l) and f|40|) above. Let a(s) = s 1 ■ 
. . . ■ s r . Singular fibers occur only, where a vanishes. 



ujx — — oj^^\X s . 



Now both the initial relative volume form Q X /s> anc ^ ^ e relative 
volume form (u x , s ) n that is induced by the relative Fubini-Study form, 
are given in terms of polynomials. On S we consider the function 

sup 



^ U X/S) 



^°x/s 



X R 



It follows immediately that for some positive exponent k we have 
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for s £ S, and some real constant c, i.e. 

\cr(s)\ 2k sup{e- F ^;f(z)=s}<c. 

(Here 5* may have to be replaced by a smaller neighborhood of e S.) 
We denote by ujx/s the relative Kahler-Einstein form. Again 

,.n _ unO 
U X/S — e lL X/Si 

and the fiberwise C°-estimate for u yields 
(44) W(s)\ 2k ■ e u < c 

on X. 

Now the global form on X constructed in Theorem [1] is 
ux = V-ldd\og(u x/s ) 

= y^ldd\og(e u -n° x/s ) 

= V-Lddlog(e u ■K F l i m \x\ 

= V^ldd\og[\a(s)\ 2k ■e u -h- 1 s /m \Xy 

Observe that \ogh FS is of class C°° on X. 

We know from Theorem [T] that \og(\a(s)\ 2h ■ e u ■ h^J" 1 ) is plurisubhar- 
monic on X, and by (jSJ) it is bounded from above, hence it possesses 
a plurisubharmonic extension to X |G-Rj . □ 

Now we apply Proposition to families over Hilbert schemes. We fix 
the Hilbert polynomial and consider the Hilbert scheme of embedded 
flat proper morphisms. Denote by "H the normalization and by nr H. C 
"H the locus of smooth fibers. 



(45) X — Pat x n U 




Over n % the fibers are canonically polarized, i.e. ^*0 FnX ^(1)\X ~ 

Theorem 3. Let (ICx/u, h) be the relative canonical bundle on the total 
space over the Hilbert scheme, where the hermitian metric h is induced 
by the Kahler-Einstein metrics on the fibers. Then the curvature form 
extends to the total space X over the compact Hilbert scheme H as a 
positive, closed current with at most analytic singularities. 
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Proof. We observe that H may be desingularized (such that the preim- 
age of %\H is a simple normal crossings divisor): Since ux is already 
defined on the (possibly singular) space X, it will not be affected by the 
process of taking a pull-back and push-forward again. After a desingu- 
larization we apply Proposition [9] together with Proposition [8] and take 
the push-forward of the resulting current. □ 

8. Extension of the Weil-Petersson form for canonically 
polarized varieties to the compactified hllbert scheme 

Now we consider extensions of the Weil-Petersson form to the Hilbert 
scheme %. We have the situation of (T4"5]) . 

We want to apply Theorem [3] and consider the fiber integral analo- 
gous to f )24|) for the map X — > %. 



JX/H 

Theorem 4. The Weil-Petersson form oj^ p on H given by the fiber 
integral (T461) can be extended to 'K as a positive d-closed (1, l)-current. 

Proof. The statement is about the pull-back of the Weil-Petersson form 
to a normalization, so again we assume normality of the base space. 
We desingularize the pair ( n, U\ n U). We can apply Proposition [8] 
and restrict ourselves to the local situation fj4*3|) . As we want to avoid 
wedge products of currents, we use the proof of Proposition [91 On X 
we have 



u x := 27r Cl (/C*/5, h) = V^ldd\og(e u n x/s ) = u° x + V^lddu, 



where u% comes from the Fubini-Study form pulled back to X. 
We observe that 



j=0 

The first term (u x ) n+l can be treated directly. The form 

oj^ = (l/m)uj FS \X is the restriction of a positive C°° form on the total 

space - it was shown in [VAll Lemme 3.4] that the fiber integral 



exists and defines a enclosed real (1, l)-current (positive in the sense of 
currents) on S, which possesses a continuous dd-potential on S. (This 
fact also follows from the main theorem of [Yo].) 



(46) 




n+l 



n 
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For the second term we use the results of Section [7J Again we may 
replace u by u = u + 2fclog which does not change the value of 

the fiber integral on the interior. 

Near any point of S\S the potentials u are bounded from above 
uniformly with respect to the parameter of the base. We avoid taking 
wedge products of currents and consider 



The functions u are known to be uniformly bounded from above, whereas 
the integrals 



are constant as functions of s. This shows the boundedness from above 
of the potential for the singular Weil-Petersson metrics for families of 
Kahler-Einstein manifolds of negative curvature. Finally, we invoke 



9. Moduli of canonically polarized manifolds 

In this section we give a short analytic/differential geometric proof 
of the quasi-projectivity of moduli spaces of canonically polarized man- 
ifolds depending upon the variation of the Kahler-Einstein metrics on 
such manifolds. 

Theorem 5. Let AA be a component of the moduli space of canonically 
polarized manifolds. Then there exists a compactification AA together 
with a holomorphic line bundle A equipped with a singular hermitian 
metric with the following properties: 

(i) The restriction of h to AA is a hermitian metric of class C°° 
in the orbifold sense, whose curvature is strictly positive. 

(ii) The curvature form of h on AA is a (semi-)positive current. 

(iii) The metric h has at most analytic singularities. 

Proof. We know from Artin's theorem |AR] that AA possesses a com- 
pactification, which is a complex Moishezon space. 




Now the <9<9-potential is given by integrals over the fibers: 





again Proposition [HI 



□ 
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Construction of an hermitian line bundle Xm on Ai . We fix a num- 
ber m so that for all polarized varieties belonging to Ai the m-th power 
of the canonical line bundle determines an embedding into a projective 
space (Matsusaka's Big Theorem). 

For any smooth family / : X — > S, where S denotes a reduced 
complex space, in Section [5] we constructed the determinant line bundle 

\ s := det fi(lC%J s - (ICf;^)^ 1 ) 

together with a Quillen metric hg, whose curvature form is equal to the 
generalized Weil-Petersson form oo s VP up to a numerical factor. The 
construction is functorial so that the line bundle, together with the 
Quillen metric and the Weil-Petersson form descend to a line bundle 
Xm and a current ujf^ on the moduli space Ai in the orbifold sense. 
We also know that the order of the automorphism groups of the fibers 
is bounded on Ai so that a finite power of the above determinant line 
bundle actually descends as a line bundle to Ai . The form ou^ p can be 
interpreted as of class C°° in the orbifold sense or as a positive current 
with vanishing Lelong numbers on Ai, since it has local, continuous 
<9<9-potentials. 

Compactifications . We denote the canonical map by v : H — > Ai and 
chose a compactification Ai. Since Ai is Moishezon, we can eliminate 

the indeterminacy set of v: Let r : H — > T-L be a modification such that 

v extends to a map [i-.'K-^M.: 



H 




Ji- 


- 


ll 


u 


n- 





Extension of the Weil-Petersson current to M. The construction 

of the Weil-Petersson form on the Hilbert scheme T-L is known to be 

functorial, it descends to the (open) moduli space M in the orbifold 

sense. In Theorem H] we constructed an extension to T-L as a positive, 

closed current. JHlere we use the theorem to construct the extension 

wW p of uj wp to %. We claim that restricted to u^ 1 (M) this current is 
u 

equal to the pull-back of the (smooth) Weil-Petersson form ^oj^^ 3 as 
a current. This follows from the construction in Proposition [HJ where 
the extension was defined as a null-extension, and as such it is uniquely 
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determined. Now the push forward of ujW p to M under /i yields an 
extension of wj^ p . Over points of M\M the extension of the Weil-Pe- 
tersson form cannot be controlled. 

Reduction to the normalization. By Proposition [7] it is sufficient 
consider normalizations. 

Extension of the determinant line bundle. We apply Theorem [2j □ 

Now the criterion [S-T[ Theorem 6] is applicable, which yields the 
quasi-projectivity of the moduli space [Vj IVH IV2[ IKUlj . 

Finally, we address the finiteness of the volume of the moduli space 
stated in Corollary [TJ 

We know from Theorem H] together with Proposition [8] that we have 
extensions of u WP resp. to the compactified space M. as a closed, pos- 
itive current. This current defines the Chern class of a certain line 
bundle on the compactified moduli space. Although the maximum ex- 
terior product of this current need not exist as a current, the theory 
of non-pluripolar products of globally defined currents of Boucksom, 
Eyssidieux, Guedj, and Zeriahi from [BEGZJ applies. (Observe that 
both the orbifold space structure and the singularities do not present 
any problem.) As a result we get that the integral of the different iable 
volume form over the interior Ai is finite. 

10. Curvature of R n ~ p f*^, s {fcx%) ~ Statement of the 

THEOREM AND APPLICATIONS 

10.1. Statement of the theorem. We consider an effectively param- 
eterized family X — > S of canonically polarized manifolds, equipped 
with Kahler-Einstein metrics of constant Ricci curvature —1. For any 
m > the direct image sheaves f*K,^}J^ +l ' = f^x/si^xTs) are l° cai ly 
free. For values of p other than n we assume local freeness of 

i.e. dim c H n ~ p (X s ,Q p x (/Cf m )) = const. In particular the base change 
property (cohomo logical flatness) holds. The assumptions of Section [272] 
are satisfied so that we can apply Lemma [21 If necessary, we replace 
S by a (Stein) open subset, such that the direct image is actually free, 
and denote by {V>\ • • • ,V} C R n - p f*tt p x/s {}C®™ s ){S) a basis of the 
corresponding free Os- m odule. At a given point s G S we denote by 
{(d/dsi)\ s ; i = 1, . . . , M} a basis of the complex tangent space T S S of S 
over C, where the s« are holomorphic coordinate functions of a minimal 
smooth ambient space U C C M . 
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Let A^(z, s)d a dz 13 be a harmonic Kodaira-Spencer form. Then for 
s E S the cup product together with the contraction defines 

(47) A^dadz^U^ : A°' n - p (X Sl f^(/C® m )) -> A°' n - p+1 (^ s , n^ZCf™)) 

(48) Ahdpdz" U „ : A°' n - p {X B ,W X JK%?)) -> ^'"^"H^, ^(/C®™)), 

where p > in (147)) and p < n in ( 148|) . 

We will apply the above products to harmonic (0,n — p)-forms. In 
general the results are not harmonic. We use the notation ip := for 
sections ^ (and a notation of similar type for tensors on the fibers): 

Theorem 6. The curvature tensor for R n ~ p f^x/s^^xjs) ^ s 9^ ven by 

R*(8) = m I (□ + I)" 1 (A • Aj) ■ (^ ■ i/)gdV 
Jx s 

(49) +m f (□ + my 1 (A* U ^ fe ) • {Aj U 

+m [ (□ - m)" 1 (A f U i/) ■ (Aj U ^ fc )#dK 
Jx s 

The only contribution in (j4"9l . which may be negative, originates from 
the harmonic parts in the third term. It equals 

- [ H(Ai U il?)H(AjV^)gdV. 

Concerning the third term, the theorem contains the fact that the 
positive eigenvalues of the Laplacian are larger than m. (For p = the 
second term in ( 149]) is equal to zero, and for p = n the third one does 
not occur.) One can verify that in case p = and m = 1 the right-hand 
side of (pf9l) is identically zero as expected. 

Theorem [HI will be proved in Section [TTJ 

The pointwise estimate ( II ip of the resolvent kernel (cf. also Propo- 
sition [1]) translates into an estimate of the curvature. 

Proposition 10. Let f : X — » S be a family of canonically polarized 
manifolds, and s £ S. Let a tangent vector of S at s be given by a 
harmonic Kodaira-Spencer form A and let ip be a harmonic (p, n —p)- 
form on X s with values in the m-canonical bundle. Then 
(50) 

i?(AA^^)>PnK^))-p|| 2 -||^|| 2 + ||if(Au^)|| 2 -||F(Au^)||^ 

Proof of the Proposition. We apply ( 1491) . The first term involves the 
Laplacian on functions. It has already been treated. Concerning the 
second and third term, we use the fact that on A°' n ~ p±1 (X s , ^(/Cf™)) 
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according to Lemma [[3] of Section CD] the equation Dg = Dg holds and 
that moreover all non-zero eigenvalues are larger than m by the Claim 
in the proof of Theorem [6l □ 

For p = n we obtain the following result. 

Corollary 5. For /*/C^™ +1 ' ) the curvature equals 

R t ~ ik (s) = mf {U + m)~ 1 {A i ^^)'{A 3 U^)gdV 
Jx a 

(51) +m [ (□ + lr 1 (A, ■ Aj) ■ {^ k ■ ^ J )gdV. 

The operator (□ + m) _1 in the first term of (1511) is positive on the 
respective tensors, the second term yields an estimate: Let 

(52) H lk = [ i> k -i?gdV. 

Jx s 

Corollary 6. Let s 6 S be any point. Let £ C Then 

(53) R^\s)^ > m ■ P n {d{X.)) ■ G% p ■ H lk • 

In particular the curvature is strictly Nakano-positive with the above 
estimate. 

Next, we set m = 1 and take a dual basis {u,i\ C BP f*A p Tx/s{S) of 
the {ip k } and normal coordinates at a given point so € S. (Again local 
freeness is assumed.) 

We have mappings dual to (jUJ) and (T4"gj) : 

(54) A^d a dz^A^:A ' p (X s ,A p T Xs ) A°' p+1 (X s ,A p+1 T Xs ) 

(55) 4 a ^ Q A„:^(^ s ,A^J -> A^-\X sl PJ>- l T Xs ). 

Here, in (154"]) the wedge product stands for an exterior product, whereas 
in (155]) the wedge product denotes a contraction with both indices of 
Ai. Again for p = n in ( 1541) . and for p = in (I55I) the value of the 
wedge product is zero. 

Observing that the role of conjugate and non-conjugate tensors is 
being interchanged, the curvature can be computed from Theorem [6j 
Again because of S-flatness of fl^^^x/s) and A p Tx/s resp. it is suf- 
ficient to require that dime H n ~ p (Xs, Q p Xs {k>x a )) is constant, which is 
equivalent to dim c H P (X S , A p Tx a ) being constant. 
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Theorem 7. The curvature of BP f*A p Tx/s equals 

[ (□ + I)" 1 (A • A 3 ) ■ (u k ■ vj)gdV 

- [ (□ + I)" 1 (Ai A uj) ■ {Aj A v k )gdV 

JXs 

- [ (□ - (JU A v k ) ■ (Aj A i^gdV. 
Jx s 

The only possible positive contribution arises from 
I H(Ai A v k )H(A- 3 A vj)gdV. 

We observe that in Theorem [7] for n = 1 and p = 1 the third term 
in ( )56l) is not present, and we have the formula for the classical Weil- 
Petersson metric on Teichmiiller space of Riemann surfaces of genus 
larger than one \TR\ I WO] . 

For p = 1 we obtain the curvature for the generalized Weil-Petersson 
metric from [SCH2J, (cf. [SIU2] ). Again we can estimate the curvature 
like in Proposition [10J 

For p = 0, one can verify that the curvature tensor ( |56l) is identically 
zero as expected. 

The following case is of interest. 

Proposition 11. Let f : X — > S be a family of canonically polar- 
ized manifolds and s G S . Let tangent vectors of S at s be given by 
harmonic Kodaira- Spencer forms A, Ai, . . . , A p on X s . Let R denote 
the curvature tensor for HP f*k p Tx/s- Then we have in terms of the 
Weil-Petersson norms: 

R(A, A, H(A X A ... A A p ), H(A 1 A ... A Ap)) < 
(57) 

-P n {X s ) ■ \\Af ■ \\H(A l A ... A A p )\\ 2 + \\H(A A A x A . . . A A p )f. 

Proof. Since the A and Ai are enclosed forms, we have H (A A H(Ai A 
. .. AA P )) = H(AAA 1 A... AA p ). □ 

Next, we define higher Kodaira- Spencer maps defined on the sym- 
metric powers of the tangent bundle of the base. Let S P (R 1 f*Tx/s) 
denote the p-th symmetric tensor power for p > 0. Then the natural 
morphism 

S p (R}UT x/s ) -> R p f*A p T x/s 



(56) 
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together with the Kodaira- Spencer morphism ps : Ts — > B}f/Tx/s 
induces the Kodaira- Spencer morphism of order p 

(58) p p s : S P T 5 R P h^T x/s . 

After tensorizing with C(s) we have fiberwise the maps 

(f s y.S p T s ^H\X s ,^T Xs ) 
that send a symmetric power 

d d 

77— ® • • • <S> 7T— 

Q s n Q s i p 

to the class of 

A h A ... A A p := ^ 9 ai ^ A...A^ 9^^. 

Definition 4. Let the tangent vector d/ds G Ts tS correspond to the 
harmonic Kodaira-Spencer tensor A s . Then the generalized Weil-Pe- 
tersson function of degree p on the tangent space is 

\\d/ds\\Y P := \\A.\\ P := \\H( A s A. . .AA s ) \\ 1 /v 

p 

(59) := ^jT H(A S A ... A A 8 ) • H(A S A ... A A s )gdV 

Obviously ||a-A s || p = |a|-||A s || p for all a G C. The triangle inequality 
is not being claimed. 

From now on we assume that S is a locally irreducible (reduced) 
space. 

Next, let C — > S be a smooth analytic curve, whose image in S again 
is a curve, and let Xq — > C be the pull-back of the given family over 
S. All R p f Jf A p Tx c /c/t° rs ^ on are locally free, maybe zero. If on some 
open subset of C the value pP c s (d/ds\ s ) G H P (X S , A p Tx s ) is different 
from zero, where d/ds ^ denotes a tangent vector of C at s, then 
BP f*A p Tx c /c I 'torsion is not zero, and on a complement of a discrete 
set of C the sheaf BP f*A v Tx c /c is locally free. 

Given a family over a smooth analytic curve C — > S, the p-th Weil- 
Petersson function of tangent vectors defines a hermitian (pseudo) met- 
ric on the curve, which we denote by G p . On the complement C of a 
discrete subset of C we can estimate the curvature. 

Lemma 7. For any analytic curve C — >■ 5 £/ie curvature K Gp of G p , 
at points s G C" G p (s) 7^ satisfies the following inequality, where 
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the tensors A s represent Kodaira-Spencer classes of tangent vectors of 
C at s with A p 0. 

1 / II 4 II 2 II A \\ 2p+r 

(60) K Gp (s) < il-P M X B ))^ + l^ 

P \ II -^-s lip ll^-sllp 

The second summand vanishes identically for p = n. 

Proof. Let A p = H(A S A . . . A A s ) be the harmonic projection of the in- 
fold exterior product of A s . Then the curvature tensor for R p f^APTx/c 
satisfies 

(61) R{d 8 , A p , Ap) > -^=^ • G p -\\A p \\ 2 = 



d 2 \og(G p ) 
-p = — 

dsds 



dsds 

2p _ „ . n . ■ II A \\ 2p 



Here R(d s , c\, J) is the curvature form applied to the tangent vectors 
d/ds and d/ds resp. With respect to G p , we identify G p = \\d/ds\\ 2 = 
\\A s \\ 2 p (cf. g])) so that 

R(A s ,A- s ,A p ,At)>p-K Gp -\\A\\ 2 p P +2 . 
Now the estimate of Proposition [11] implies 



K Gp < 



\ (-Pn{d{X s ))U\\l\\A\\f + \\ACt 1] ) 



□ 



10.2. Hyperbolicity conjecture of Shafarevich. In this section we 
describe a short proof of the following special case of Shafarevich's hy- 
perbolicity conjecture for canonically polarized varieties [B-Vt IKE-KV[ 
IKU-KVl [KVT1 [KV21 [KOTl [Ml IV^ZTl l\^Z2] . 

Application. If a compact smooth curve C parameterizes a non- 
isotrivial family of canonically polarized manifolds, its genus must be 
greater than one. 

For the proof, we will show that one of the metrics G p on C has 
negative curvature. 

Let / : X — > C denote a non-isotrivial family of canonically polarized 
varieties over a smooth compact curve. Again we denote by A s the 
harmonic Kodaira-Spencer form that represents the Kodaira-Spencer 
class of a tangent vector ^ d/d s E Tc, s , and by A q s the harmonic 
representative of the g-fold wedge product. Let po be the maximum 
number p for which A p ^ on some open subset, i.e. on the complement 
of a finite subset of C. 
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Proposition 12. Under the above assumptions, the locally defined 
functions logG Po are subharmonic, and there exists a number c > 
such that for all s in the complement of a finite set of C and all A s ^ 

(62) K G Js) < -lp n (d(^))|M- < -c. 

Proof. We chose the complement C of a finite set in C so that for all 
s G C we have + and also A p s 0+1 = for s G C". On C" by 
Lemma [7] we have the first inequality in ( l62p . We claim that there 
exist a number d > such that 

(63) IKIIpo/IIAJi < c for all A a ^ and all s G C. 

Since C is compact, we need to show boundedness only near points 
so ^ C\C: Let a point s be given by s = 0, where s is a local 
holomorphic coordinate on C. Using a differentiable local trivialization 
of the family, we find representatives B s of the Kodaira-Spencer classes 
(which depend in a C°° way on the parameter). The po-fold wedge 
products B s A . . . A B s have bounded norm so that also the norms of 
A p s ° = H(B S A ... A B s ) are bounded. Since the given family is not 
isotrivial, the sheaf R l f*Tx/c/ torsion is locally free and not zero. We 
need to consider only the case that A s — » for s — > 0. In this case we 
find some power k > so that s~ k A s converges towards some non-zero 
element from (B}f*Tx/c{C)/ torsion) <%> C(sq). So inf s ^ Hs^^^l^H! > 
0. At the same time the norms ||s _fe y4 s ||p stay bounded from above. 
The factors |s~ fc | cancel out in 1 1 s — fc ^4 s 1 1 jpo / 1 1 1 1 i ? which shows (1531 
implying (1621) . The first inequality in (I6"2"|) implies that the (locally 
defined function) logG P0 is subharmonic on C, the second implies that 
it is bounded on C so that log G po is subharmonic on C (being defined 
in terms of local coordinate systems). □ 

In [DE, 3.2] Demailly gives a proof of the Ahlfors lemma (cf. also 
[G-RZ] ) for singular hermitian metrics of negative curvature in the 
context of currents using an approximation argument. We will need 
the following special case: 

Proposition 13. Let 7 = 7(5)1/— bis A ds, 7(5) > be given on an 
open disk A# = {\s\ < R}, where log7(s) is a subharmonic function 
such that \J— l<9<9(log7) > Aj in the sense of currents for some A > 0. 
Let p denote the Poincare metric on Ar. Then 7 < pj A holds. 

Proof of the Application. Let (p : Ar — > C be a non-constant holomor- 
phic map and 7 = ip*(G Po ). Then the assumptions of Proposition [TBI 
are satisfied by Proposition [T2J So the curve C is hyperbolic. □ 
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Proposition 14. Any relatively compact open subspace of the moduli 
space of canonically polarized manifolds is Kobayashi hyperbolic in the 
orbifolds sense. 

Proof. For any canonically polarized manifold we consider a local uni- 
versal deformation given by a holomorphic family / : X — > S. The 
moduli space possesses an open covering by quotients of the form S/T, 
where T is a finite group. Over a relatively compact subspace of the 
moduli space the diameter of the canonically polarized manifolds X s 
will be bounded. Since S itself will be singular we consider the tangent 
cone of S, which consists fiberwise of 1-jets. These are the tangent vec- 
tors, which are induced by local analytic curves C through the given 
point so G S. (cf. [Kl , Chapter 2.3]). Now the estimates of Propo- 
sition [12] hold also for locally defined analytic curves. One can show 
that numbers c > satisfying the second inequality from the statement 
of the Proposition can be chosen uniformly over any given relatively 
compact subset of the moduli space, only depending upon p so that 
the smallest of these numbers yields Kobayashi hyperbolicity. □ 

10.3. Finsler metric on the moduli stack. We indicate, how to 
construct a Finsler metric of negative holomorphic curvature on the 
moduli stack. Different notions of a Finsler metric are common. We 
do not assume the triangle inequality/convexity. Such metrics are also 
called pseudo-metrics (cf. |Klj ). 

Definition 5. Let Z be a reduced complex space and let T C Z be the 
fiber bundle consisting of the tangent cones of 1-jets. An upper semi- 
continuous function 

F :T C Z -> [0, oo) 

is called Finsler pseudo-metric (or pseudo-length function), if 

F(av) = \a\F(v) for all a G C, v G TZ. 

The triangle inequality on the fibers is not required for the definition 
of the holomorphic (or holomorphic sectional) curvature: The holomor- 
phic curvature of a Finsler metric at a certain point p in the direction 
of a tangent vector v is the supremum of the curvatures of the pull- 
back of the given Finsler metric to a holomorphic disk through p and 
tangent to v (cf. |A-P] ) . (For a hermitian metric, the holomorphic cur- 
vature is known to be equal to the holomorphic sectional curvature.) 
The functions G p define Finsler (pseudo) metrics. Furthermore, any 
convex sum G = J2j a jGj, cij > is upper semi-continuous and has 
the property that logG restricted to a curve is subharmonic. 
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Lemma 8 (cf. |SCH3l Lemma 3]). Let C be a complex curve and Gj 
a collection of pseudo-metrics of bounded curvature, whose sum has no 
common zero. Then the curvatures K satisfy the following equation. 



Like in the proof of Proposition [121 one shows that ||A|| p+ i/||yl||p can 
be uniformly bounded with respect to S for \\A\\ p ^ 0. Using Lemma [S] 
and Lemma [7| a convex sum G = J2 P a pG p , a p > with negative 
holomorphic curvature is constructed. The metric G on curves defines 
an (upper semi-continuous) Finsler metric that descends to the moduli 
space in the orbifold sense. 

Proposition 15. On any relatively compact subset of the moduli space 
of canonically polarized manifolds there exists a Finsler orbifold met- 
ric, whose holomorphic curvature is bounded from above by a negative 
constant. 



The components of the metric tensor for BP~ P fSf x i S {K% %) on the 
base space S are the integrals of inner products of the harmonic repre- 
sentatives of cohomology classes. We know from Lemma [2] that these 
are the restrictions of certain enclosed differential forms on the total 
space. When we compute derivatives with respect to the base of these 
fiber integrals, we will apply Lie derivatives with respect to lifts of tan- 
gent vectors in the sense of Section [27X1 Taking horizontal lifts simplifies 
the computations. The Lie derivatives of these pointwise inner prod- 
ucts can be broken up, and Lie derivatives of these differential forms 
with values in the m-canonical bundle have to be taken. The deriva- 
tives are covariant derivatives with respect to the hermitian structure 
on this line bundle. Since we are dealing with alternating forms we 
may use covariant derivatives also with respect to the Kahler structure 
on the fibers, which further simplifies the computations. 

Again, we will use the semi-colon notation for covariant derivatives 
and use a |-symbol for ordinary derivatives, if necessary. Greek indices 
are being used for fiber coordinates, Latin indices indicate the base 
direction. Dealing with alternating forms, for instance of degree (p, q), 
extra coefficients of the form l/p\q\ are sometimes customary; these 
play a role, when the coefficients of an alternating form are turned into 
skew-symmetric tensors by taking the average. However, for the sake 
of a halfway simple notation, we follow the better part of the literature 
and leave these to the reader. 



(64) 




11. Computation of the curvature 
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11.1. Setup. As above, we denote by / : X — > S a smooth family of 
canonically polarized manifolds and we pick up the notation from Sec- 
tion HJ The fiber coordinates were denoted by z a and the coordinates 
of the base by s\ We set <9j = d/ds\ d a = d/dz a . 

Again we have horizontal lifts of tangent vectors and coordinate vec- 
tor fields on the base 

v.i = di + a"d a . 

As above we have the corresponding harmonic representatives 

A{ = Agjd a dz 

of the Kodaira- Spencer classes p(c^| So ). 

For the computation of the curvature it is sufficient to treat the case 
where dimS 1 = 1. We set s — si and v s = V\ etc. In this case we write 
s and s for the indices 1 and 1 so that 

v s = d s + a"d a 

etc. 

Sections of R n ~^f # n x/S (K.%J S ) will be denoted by letters like ib. 

i[)\ Xa = i[) ai> _ iap ^ p+i ^ n dz ai A ... A dz ap A A ... A dzP n 

= ib a r dz Ap A dz Bn ~ p 

where A p = (ax, . . . , a p ) and B n _ p = ((3 p+1 , . . . , (3 n ). The further com- 
ponent of ib is 

ib n „ -s -s -dz ax A ... A dz ap A dz^^ 1 A ... A dz? n ~ x A ds. 
Now Lemma [2] implies 

n 

(65) = 22 ( _1 ) n ~^a 1> ...,a J ,^ +1 ,..J,,... > ^ ) ^/ 

j=p+l 

Since these are the coefficients of alternating forms, on the right-hand 
side, we may also take the covariant derivatives with respect to the 
given structure on the fibers 

ai,...,a P ,f) p+1 ,...,f)j ) ...,P n $;f}j 

11.2. Cup Product. We define the cup product of a differential form 
with values in the relative holomorphic tangent bundle and an (line 
bundle valued) differential form now in terms of local coordinates. 



POSITIVITY OF RELATIVE CANONICAL BUNDLES 



43 



Definition 6. Let 



fi = if ~o d(j dz ai A ... A dz ap A dz? 1 A ... A dz p \ 



and 



Then 



v = v Ja> -g ■ Si dz n A ... A dz la A dz Sl A ... A dz s » 



(66) a U v := if -* , v m , t t A ... A tfo°* 

v 7 " r"ai,...,a p ,P 1 ,...,P q 0-72,.. .,7a, 01,..., d 6 

Ad/ 1 A ... A dz^ A dz ri A ... A cfe 7 * A dz Sl A ... A dz 6fc 

11.3. Lie derivatives. Let again the base be smooth, dimS 1 = 1 with 
local coordinate s. Then the induced metric on f*Q v x / s(^lt?s) is 
given by (|52|) . where the pointwise inner product equals 

9 

and where l/g m stands for the hermitian metric on the m-canonical 
bundle on the fibers. 

Lemma 9. 

& "2k _ f t f.i.k „lJ\„J^r It J.k j,t\ 1 /„/,fc r J.i\ 



—H ek = I L v (^ k ■ ^)g dV = (L v ^ k , tf) + Ljjip ) 



where L v denotes the Lie derivative with respect to the canonical lift v 
of the coordinate vector field d/ds. 

Proof. Taking the Lie derivative is not type-preserving. We need the 
(1, l)-component: L v (g a -p) = [d, + a^d a ,g a ^]^ = g a ^ s + ajg^ + 

a l,a9tf = - a sp-, a + a l,*9jp = 0. So L v (det{g aJ )) =0. □ 
We have the type decomposition for ip = ip k or if) = ip e 



(67) 



L v i> = L v ip' + L v ip", 



44 GEORG SCHUMACHER 

where L v ij)' is of type (p, n — p) and L v ip" is of type (p — l,n — p + 1). 
We have 

p _ 

(68) = (t,s + <V;a + E . . , a , . . . , apl5n _ v )dz A * A 

i=i ] 
L v r = [8. + a?3 a) ^^A^-] HiB ^ 1) 
p 

(69) c^ ai A ... A d A A ... A cfc a p A dz^p+i A ... A dz?« 

3 

We also note the values for the derivatives with respect to v. 

Lrf = [d s + 4d ? ,^ n _ p dz A - A dz 5 —] 
_ p _ 

( 7 °) = + ^ + E <s • ..,p,...,p n )dz A * A dz^ n ~ p 

3=1 3 ] 

W = [^ + af^,^_ p ^A^-] (p+1>n _ p _ 1) 



V 4^ 7/; 

/ / /1 sa p+1 rai 1 ...,«p. 



Pp+1' • • • >Pi • • ■ i Pn 
I 



J'=P+1 , 



(71) A ... A ck ap A g^ 1 A ... A A ... A 
Lemma 10. 

(72) L„V" = ^Ut/> 

(73) L ¥ ip" = (-lyAsUi; 

Proof o f (1721. By (IS91 we have 

W = 

p 

^„ n ». „„r dz ai A ... A S A ... A cfc ap A dz p * A ... A 

i=i 



(_1)p-i ^, ^ A ... A ... A d^" 1 A dz p * A . 

□ 



i=i 



POSITIVITY OF RELATIVE CANONICAL BUNDLES 45 

Proof of ( J73i) . The claim follows in a similar way from (171 p . □ 

The situation is not quite symmetric because of Lemma [H which 
implies that the contraction of the global (0, n — p)-form ip with values 
in ^x/si^xTs) * s well-defined. Like in Definition [6] we have a cup 
product on the total space (restricted to the fibers). 

VUip = (dg + aj<%) U tfj 

— _ — — _|_ oj^_i\) — 

T^Ap,s,/3 p+1 ,...,/3 n _ 1 s Y Ap,/3,/3 p+1 ,...,l3 n _ 1 

Lemma 11. 

(74) Lyijj' = (—l) p d(vUip). 

Proof. The proof follows from the fact that, according to Lemma [2j %p 
is given by a enclosed (0, n — p)-form on the total space X with values 
in a certain holomorphic vector bundle. □ 

We will need that the forms ip on the fibers are also harmonic with 
respect to d (which was defined as the connection of the line bundle 
/C^^,). The curvature of (ICx/Si g -1 ) being equal to — u>x implies the 
following Lemma. 

Lemma 12. 

(75) y/=l\8,d] = -mL x , 

where Lx denotes the multiplication with ujx- The analogous formula 
holds on all fibers X s . 

Now: 

Lemma 13. The following equation holds on A^ ,q ' (/C® m ) • 

(76) Dq = Dg + m • (n — p — q) • id. 

In particular, the harmonic forms ip G A^^^JCxJ are also harmonic 
with respect to d. 

Proof. We use the formulas 

V^ld* = [A, d] and - V^ld* = [A, d), 

where A denotes the adjoint operator to L. Then 

□9 — Dg = [A, v^I(<9<9 + dd)} = [A, m ■ ujx} = m ■ (n — p — q) ■ id. 

D 
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Now we compute the curvature in the following way. Because of ( J74f ) 

holds for all s G S so that by Lemma 

^-H lk = (L v ^ k ,^) + (V> fe , W) = ((L^)',^) + <V fc , (W)'> 

Later in the computation we will use normal coordinates (of the 
second kind) at a given point s G 5. The condition (d/ds)H £k \ S0 = 
for all k, £ means that for s = sq the harmonic projection 

(77) H{{L v ^ k )') = 

vanishes for all fc. 

In order to compute the second order derivative of H ek we begin with 

(78) ^H Ik =(L v ^\^). 

which contains both {L v ip )' and (L v if) )". Now 

c\d s (^ k ,^) = (LvL v i(; k ,i> e ) + (L v ^ k ,L v ^ e ) 
= (L M V fc ,^) + {L v L ¥ i; k ,ij e } + (L v ^ k ,L v ^) 
= {L [%v] ijj k ^ l ) + d s {L^ k ^ 1 ) - (L^^L^) + (L v ^ k ,L v ^) 
We just saw that (Lyi/; k , i[) e ) = 0. Hence for all s G S 

(79) <m tf) = {L m ip k , tf) - (L^ fc , Ltff) + (L v tfj k , L v tfj e ) 

Since we are computing Lie-derivatives of n-forms (with values in some 
line bundle) we obtain 

(L v ^ k ,L v ^) = ((L v ^ k )', (L V ^Y) - ((L v ^ k )", (L v ^)"), 

and 

(L^ k , L^) = ((Ld> k Y, (W)'> " (M k )", M')"). 

Lemma 14. Restricted to the fibers X s the following equation holds for 
L[v,v] applied to fc®^ -valued functions and differential forms resp. 

(80) L [%v] = [ - (f' a d a + <p' p dp, „ ] -m-cp-id 
Proof. We first compute the vector field \v, v] on the fibers: 

[v, v] = [c\ + a§dp, d s + a a s d a ] 

= («9,«) + afa^) d a - (d s (<4) + <aj a ) dp. 
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Now 

«%«) = -d^grf = g^g^ a g sJ - g^g m - s 

= g^a- sa .rf a a a -p - g^g s ^. 

Equation f lTB]) implies that the coefficient of d a is —(p'' a . In the same 
way the coefficient of is computed. 

Next, we compute the contribution of the connection on /C®^ which 
we denote by [ We use ( 1751) : 

[dg + a§ dp, d s + a a s d a ] K mn s 

= -m (g S s + (4g s p + <te + <4 a s9 a p) = ~ m ¥- 

□ 

Lemma 15. 

(81) 

(L M ^,^> = -m(<f^ k ,^) = -m f (□ + l)- 1 ^ • A^ k i/gdV. 

Jx s 

Proof. The <9-closedness of the ip k can be read as 

< = E< 

Hence 



, a, . . . , a p B n - p ; ay 
3=1 \ 



3=1 \ 

= d(^ a d a \Jip k ). 

Now 

= (d(^ a d a U ^ fc ) , ^) = (^ a d a U 7/; fc , d*^) = 0. 
In the same way we get 

and, according to Lemma HH, we are left with the desired term. □ 
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(83) d*(L v ^ k )' = 

(84) d*(A s Uij k ) = 



(85) d*{Lrfj) k y = d*{AsUtfj k ) 



(86) d(Lrfl) h )' = 

(87) d\AsU4) k ) = 



The proof of the above proposition is the technical part of this article 
and will be given at the end. 

Proof of Theorem Again, we may set % = j = s and use normal 
coordinates at a given point so G S. 

We continue with ( !79|) and apply (|8T|) . Let Gq and Gg denote the 
Green's operators on the spaces of differentiable /C^ s -valued (p, g)-forms 
on the fibers with respect to Og and Og resp. We know from Lemma [TBI 
that for p + q = n the Green's operators Gq and G-g- coincide. 

We compute ((L v ip k y, L v ifj e )'): Since the harmonic projection 
H((L v ip k )') = vanishes for s = s , we have 



by ([83D and ([82]). The form d(L v i[) k y = d(A s Ui) k ) is of type (p,n-p+l) 
so that by Lemma [13] on the space of such forms Gg = (Og + m)" 1 
holds. 



((L^ fc y, (L v ip e y) = (d*Ggd(A s u iJ k ), {L v ^y) 

= (Ggd(A s U ^ fc ), d(A s U /)) = ((D d + m)- l d{A s U ^ k ),d(A s U /)) 
= (9* (D a + m)- 1 ^ U ^ fc ), A s U 

Because of (1841 

((L v ip k )', (L v ^y) = ((Og + m^DgiA, U ^ fc ), A s U 
= (A, U A s U - m((D + m)-\A s U V*), A a U if). 

(For (p — 1, n — p + l)-forms, we write □ = Og = Dg.) Altogether we 



(L^)' = GgDg(L v 1p k )' = Ggd*d(L v ^ k )' = ^ Ggd(A s U ^) 



Now 



have 



(88) (L v ip k ,L v iJ> e )\ ao = -m [ ( 



(0 + m)' 1 (A s Uip k ) ■ {A-sU ijj 1 ) g dV. 



Finally we need to compute (Lrfip- 



■ k ,L^). 
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By equation ((Z3J we have ((L^ k )", (L^)"} = (Ag U tp k , U ip e ). 
Now Lemma [IT] implies that the harmonic projections of the (Lyi[} k )' 
vanish for all parameters s. So 

m (G^d*(A^U^ k ),d*(A^U^)). 

Now the (p,n — p — l)-form 9 (Lqjip k )' = d*(Ag U -?/> fc ) is orthogonal to 
both the spaces of d- and <9-harmonic forms. On these, by Lemma [13] 
we have 

Dq = Dq — m ■ id. 

We see that all eigenvalues of Og are larger or equal to m for (p, n — 
p — l)-forms. 

Claim. Let *Yu V \ v Pv be the eigenfunction decomposition of AsUip k . 
Then all \ u > m or \ = 0. In particular (□ — m)~ 1 (A ¥ U if) ) exists. 

In order to verify the claim, we consider d*(Ag U ip ) = ^ v d*(p v ) 
with 

n d d*( Pl/ ) = \ v d*{ Pv ) = ngd*( Pu ) + m ■ d*( Pu ). 

This fact implies that ^ u d*{p v ) is the eigenfunction expansion with 
respect to Dq and eigenvalues A„ — m > of d*(As U ip k ) = d (Lyip k ). 
The latter is orthogonal to the space of 9-harmonic functions so that 
X u — m = does not occur. (The harmonic part of Ay U ip k may be 
present though.) This shows the claim. 
Now 

Ggd*(AsUip k ) = iU a -m)- l d*(A^^ k ) 
so that (IBTj) implies 

(CM*)', ( W)') = ((□ s -m)- 1 D a (4U^),4U^) 
= (AsUtp k ,AsU^ e ) + m- ((□ a -m)- 1 (4U^),4jU^>. 

Now f[73"|) yields the final equation (again with Dq = Dq = U for 
(p + l,n — p — l)-forms) 

(89) (L^ k ,L^ e )=m [ (n-m)-\AsUij k )-(A s VJi/)gdV. 

The main theorem follows from (1ST]), (|5S|), (f^|), and (|B9j). □ 

Proof of Proposition XTb\ We verify ( 182|) : We will need various identi- 
ties. For simplicity, we drop the superscript k. The tensors below are 
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meant to be coefficients of alternating forms on the fibers, i.e. skew- 
symmetrized. 

( 9 °) = ~ m ' 9 s p n+ ^ = m • a ^ + i^ 

(91) i>. a p n+1 =^ n+ia -m-g a V 



- ±V- - 

+ 1 Z / ' ^pPp+1: ■ ■ ■ > T > ■ ■ ■ 'fin,* /^ j a(3 n+1 

3=1 J=P+1 | 



J 



(92) a" , =A% +a a s R a , 

Now, starting from fl68l) we get, using (1901) . (l9~Tj) . and (1921) . 

i=l 

p \ - - 

+ E »,.77. A ^ A dzBn ' P 

p _ _ 

V s /3„+i r ' Q ^ s/9n+i;"i Y °ti,...,a,...,atp,B n - p J 

3=1 

Because of the fiberwise <9-closedness of if; this equals 

p _ 

E(A% ib n „ o ) <iz /3 ™+ 1 A <i,2 Ap A dr 8 ""? 

V s/3 n+1 ^«l,...,Q,...,Qp, ±>n-p/ joy 

7=1 ' 1 

= (-1)" V (A% ?/> a s ) dz ai A dz^- 1 A dz^ A ... A 

3=1 

= d {i- l T A \J^,., a p-^,.-^- 1 A dz^) = d(A s U Vi) • 



This shows (1821). 

Next, we prove (|83|) . We begin with f JTOj) . We first note 



which follows in a straightforward way. Now this equation implies 

p 

d s (V> !7 ) = ^;s 7 - J] fl * P B n -p 
3=1 ] 
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so that (with gP^ip-n = and <9 s g /3 " 7 = <7^ ntr aJ. .) 

p _ 

(93) <A^7 = + £/% j7 i,.,,.,%V f 

follows. Next, since fiberwise ^ is o -closed, 

(94) /' l W ;a ) ;7 = /"X ;7 Vv, 
and with the same argument 

(95) 

p _ p 

y V / v Ul s;a,Tq 1 ,...,iT,...,aA_„;. 7 y / v "s;tti7rai, . . . , a, . . . , a„B„.-„ • 

Now d*(L v ip') = follows from (|93|), (l9ij), and (|95l). 

We come to the <9*-closedness fl84|) of v4 s U ^. We need to show that 

{A s p n+1 ^a,a 2 ,...,apj} p+1 ,...,(3 n ) -^9 P 

vanishes. Since d*ip = the above quantity equals 

A a - -ih — f? a P 

Because of the <9-closedness of A s this equals 

(A P )-^ n+1 ' l Pa,a2,...,ap,B n - p - 

However, 

/\aa p _ Aa p a 
s s 

whereas ip is skew-symmetric so that also this contribution vanishes. 

The proof of flHol) . flSBT) . and (1571) is similar, we remark that flSo 7 ]) also 
follows from Lemma [TT1 □ 
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